We present some general properties of the field of constants of monomial derivations of k(x 1 , . . . , x n ), where k is a field of characteristic zero. The main result of this paper is a description of all monomial derivations of k(x, y, z) with trivial field of constants. In this description a crucial role plays the classification result of Moulin Ollagnier for Lotka-Volterra derivations with strict Darboux polynomials. Several applications of our description are also given in this paper.
Introduction
Let k(X) = k(x 1 , . . . , x n ) be a field of rational functions over a field k of characteristic zero, and let d : k(X) → k(X) be a derivation of k(X). We say that d is monomial if
1 · · · x β in n for i = 1, . . . , n, where each β ij is an integer.
In this paper we study monomial derivations of k(X). The object of principal interest is k(X) d , the field of constants of a monomial derivation d of k(X), that is,
We say that this field is trivial if k(X) d = k. We are interested in a description of all monomial derivations of k(X) with trivial field of constants. However we know that, in general, such a description is a very difficult problem. Fields of constants appear in various classical problems (for details we refer to [3] and [8] ). In these problems monomial derivations have also a special position.
It is not as difficult to characterize all monomial derivations with trivial field of constants in two variables. Section 5 contains such a characterization.
The main result of this paper is a full description of all monomial derivations of k(x, y, z) with trivial field of constants (Sections 6, 7, 8) . Jean Moulin Ollagnier presented in [13] and [14] a characterization of the Lotka-Volterra derivations with strict Darboux polynomials. His deep classification result is very important in our description.
If D is a derivation of k(X), then the field of constants of every derivation of the form w · D, where 0 = w ∈ k(X), is equal to k(X)
D . This implies that, for our aim, we may consider only normal monomial derivations of k(X). We say that a monomial derivation d of k(X) is normal if all its exponents β 11 , β 22 , . . . , β nn are equal to 1.
In the preparatory sections 3 and 4 we present some general properties of the field of constants of monomial derivations for an arbitrary number of variables. The final result of these sections is Corollary 4.9 with some equivalent conditions for the existence of a nontrivial rational constant of a monomial derivation. We use this corollary and other results from these sections in many places of our description for three variables.
Let D : k(x, y, z) → k(x, y, z) be a monomial derivation defined by D(x) = y s , D(y) = z s and D(z) = x s . Such D is called a Jouanolou derivation. It is well known (see Section 9) that if s ≥ 2, then the field of constants of D is trivial. This fact has several different long proofs. In Section 9 we present a generalization of this fact. We prove (Proposition 9.2) that k(x, y, z) D = k if and only if s ∈ {−2, 0, 1}. We prove also (Proposition 9.3) that if d : k(x, y, z) → k(x, y, z) is a derivation such that d(x) = y p , d(y) = z q , d(z) = x r , where p, q, r ∈ N, then k(x, y, z) d = k if and only if pqr ≥ 2. Some similar questions are studied in the interesting paper [18] . (The authors wish to thank the referee for pointing out this paper).
It is not difficult to check, using our description for three variables, that for k(x, y, z) there exist exactly 40 homogeneous monomial derivations of degree 2, with nonnegative exponents and trivial field of constants. In Section 10 we present a list of all such derivations. Similar lists we present also for degrees 3 and 4.
Notations and preliminary facts
Throughout this paper k is a field of characteristic zero, k[X] = k[x 1 , . . . , x n ] is the polynomial ring in n variables over k, and k(X) = k(x 1 , . . . , x n ) is the field of quotients of k [X] . We denote by k * and k(X) * the sets k {0} and k(X) {0}, respectively.
If R is a commutative k-algebra, then a k-linear mapping d : R → R is said to be a k-derivation (or simply a derivation) of R if d(ab) = ad(b) + bd(a) for all a, b ∈ R. In this case we denote by R d the k-algebra of constants of R with respect to d, that is, R d = {r ∈ R; d(r) = 0}. Note that if R is a field, then R d is a subfield of R containing k. If f 1 , . . . , f n ∈ k(X), then there exists exactly one derivation d : k(X) → k(X) such that d(x 1 ) = f 1 , . . . , d(x n ) = f n . This derivation is of the form d = f 1 We say that a derivation d : k(X) → k(X) has a nontrivial rational constant if k(X) d = k.
Let d be a derivation of k [X] . Then there exists exactly one derivationd : k(X) → k(X) such thatd |k[X] = d. We denote by k(X) d the field k(X)d, and if k(X) d = k, then we say that the derivation d has a nontrivial rational constant.
Note the following well known propositions.
Proposition 2.1 ( [16] ). Let k ⊆ k be an extension of fields. Let d be a k-derivation of k(X), and d be the k -derivation of k (X) = k (x 1 , . . . , x n ) such that d (x i ) = d(x i ) for all i = 1, . . . , n. Then k(X) d = k if and only if k (X) d = k .
Proposition 2.2 ([6]
). Let f 1 , . . . , f p ∈ k(X). The following conditions are equivalent.
(1) The elements f 1 , . . . , f p are algebraically independent over k.
(2) The rank of the matrix In this case such a polynomial Λ is uniquely determined and we say that Λ is the cofactor of F . Every nonzero constant of d is a Darboux polynomial of d with the cofactor 0. In particular, every nonzero element from k is a Darboux polynomial of d. We say that a Darboux polynomial F is nontrivial if F ∈ k. Note the following well known propositions (see for example [15] or [17] ). where A, B, C ∈ k. We will denote this derivation by LV (A, B, C). Such derivations have been intensively studied for a long time. See for example [5] , [4] , and [13] , where many references of this subject can be found.
If µ = (µ 1 , . . . , µ n ) ∈ Z n , then we denote by X µ the rational monomial x
belonging to k(X). In particular, if µ ∈ N n (where N denote the set of nonnegative integers), then X µ is an ordinary monomial of k[X].
Lemma 2.6. Let α 1 = (α 11 , . . . , α 1n ), . . . , α n = (α n1 , . . . , α nn ) be elements belonging to Z n , and let α denote the n × n matrix [α ij ]. If det α = 0, then the rational monomials X α 1 , . . . , X αn are algebraically independent over k.
Proof.
Since
for all i, j ∈ {1, . . . , n}, the Jacobian J(X α 1 , . . . , X αn )
is equal to
Hence, this Jacobian is nonzero and so, by Proposition 2.2, the elements X α 1 , . . . , X αn are algebraically independent over k.
Assume now that β 1 , . . . , β n ∈ Z n and consider a derivation d :
Put β 1 = (β 11 , . . . , β 1n ), . . . , β n = (β n1 , . . . , β nn ), where each β ij is an integer, and let β denote the n × n matrix [β ij ]. Moreover, let α = [α ij ] denote the matrix β − I, where I is the n × n identity matrix. In this case we say that d is a monomial derivation of k(X), and we denote by ω d the determinant of the matrix α, that is,
. Then y 1 = X α 1 , . . . , y n = X αn , where each α i , for i = 1, . . . , n, is equal to (α i1 , . . . , α in ). Using the above mentioned properties of the logarithmic derivative of d we obtain the equalities
for all i = 1, . . . , n. This implies, in particular, that d(R) ⊆ R, where R is the smallest k-subalgebra of k(X) containing y 1 , . . . , y n . Observe that if ω d = 0, then (by Lemma 2.6) the elements y 1 , . . . , y n are algebraically independent over k. Thus, if ω d = 0, then R is a polynomial ring over k in n variables, and we have a new derivation δ :
We call δ the factorisable derivation associated with d. Let us stress that we may define such factorisable derivation δ for any monomial derivation d. But we will use this notion only in the case when the determinant ω d is nonzero. The concept of factorisable derivation associated with a derivation was introduced by Lagutinskii in [9] and this concept was intensively studied in [11] for Jouanolou derivations.
As a consequence of the above facts we obtain the following useful proposition.
be the factorisable derivation associated with d. If δ has a nontrivial rational constant, then d has also a nontrivial rational constant. More precisely, with the above notations, if ϕ(x 1 , . . . , x n ) is a nontrivial rational constant of δ, then ϕ (X α 1 , . . . , X αn ) is a nontrivial rational constant of d.
We will show (see Theorem 4.8) that the converse of the above fact is also true.
n . We will say that this derivation is normal, if β ii = 1 for all i = 1, . . . , n. Observe that if d is an arbitrary monomial derivation of k(X), then the monomial derivation
We are interested in a description of such monomial derivations which have nontrivial rational constants. Hence, for this aim we may consider only normal monomial derivations.
Darboux polynomials of factorisable derivations
In this section we present some preparatory properties of Darboux polynomials of a factorisable derivation δ :
where each α ij belongs to k, and L i = n j=1 α ij x j , for i = 1, . . . , n. Observe that in this case all the polynomials δ(x 1 ), . . . , δ(x n ) are homogeneous of the same degree equal to 2. So, the derivation δ is homogeneous. Observe also that the variables x 1 , . . . , x n are Darboux polynomials of δ with the cofactors L 1 , . . . , L n , respectively. This implies, by Proposition 2.4, that every monomial X µ , where µ = (µ 1 , . . . , µ n ) ∈ N n , is a homogeneous Darboux polynomial of δ with the cofactor
be a factorisable derivation of the form ( * ). Assume that det[α ij ] = 0 and let µ, ν ∈ N n . Then the monomials X µ and X ν have equal cofactors if and only if µ = ν.
Proof.
Put µ = (µ 1 , . . . , µ n ) and ν = (ν 1 , . . . , ν n ). Assume that there exists
. . , L n are linearly independent over k. Hence µ = ν.
As a consequence of this lemma and Proposition 2.5 we obtain:
be a factorisable derivation of the form ( * ) such that det[α ij ] = 0. If the only Darboux polynomials of δ are monomials, then k(X) δ = k.
Let δ be a factorisable derivation of the form ( * ). We will say (as in [13] and [12] ) that a Darboux polynomial F ∈ k[X] k of δ is strict if F is homogeneous and F is not divisible by any of the variables x 1 , . . . , x n . It allows us to reformulate Corollary 3.3.
Now we will prove the following proposition.
be a factorisable derivation of the form ( * ) and let δ :
Proof. In view of Proposition 2.3 (since the derivation δ is homogeneous) we may assume that the polynomial F is homogeneous. By Proposition 2.3 the cofactor of F is of
We will show that b 1 ∈ k. For this aim consider the standard lexicographical order on the set N n , and let F = β F β X β , where each F β belongs to k . Let γ be the maximal element in N n such that F γ = 0. Define ε := (1, 0, . . . , 0) ∈ N n and equate the coefficients of X γ+ε in both sides of the equality δ (F ) = ΛF . Observe that δ (
Hence, the equality δ (F ) = ΛF is equivalent to the equality
On the right-hand side of the above equality the coefficient of X γ+ε is equal to b 1 F γ , while on the left-hand side of the equality this coefficient equals (
Repeating the same procedure for all the elements b 1 , . . . , b n , we see that Λ ∈ k[X].
As a consequence of the above facts we obtain the following theorem.
where all the coefficients α ij belong to Q and det[α ij ] = 0. Then the derivation δ has a strict Darboux polynomial if and only if k(X) δ = k.
Proof. ⇐: See Corollary 3.4. ⇒: Assume that F ∈ k[X] k is a strict Darboux polynomial of δ with the cofactor Λ ∈ k[X]. Since all the coefficients α ij are rational, we have a factorisable Q-derivation 
. . , n. Let q be the common denominator of the numbers p 1 , . . . , p n . Then qΛ = m 1 L 1 + · · · + m n L n for some integers m 1 , . . . , m n . Now consider the rational function
It is clear that δ(ϕ) = 0. Since F is strict, this function does not belong to k. Hence, k(X) δ = k.
Monomial derivations and groups of invariants
In this section we study a monomial derivation d : k(X) → k(X) satisfying the condition ω d = 0. We use the same notations as in Section 2. Let us recall that
, and α 1 , . . . , α n are the rows of the matrix α. Moreover, we denote by N the absolute value of ω d , that is, N = | det α| is a positive integer.
Our purpose is to determine when a derivation d of the above form has a nontrivial rational constant. For this aim we may assume (by Proposition 2.1) that the field k is algebraically closed.
If u = (u 1 , . . . , u n ) is a sequence of elements from k * , then we denote by σ u the diagonal k-automorphism of k(X) defined by the equalities σ u (x 1 ) = u 1 x 1 , . . . , σ u (x n ) = u n x n . We are interested in such an automorphism of the form σ u which satisfies the equality σ u dσ
, then the elements u 1 , . . . , u n are N th roots of 1. In particular, the group G(α) is finite.
Proof.
Put α −1 = [w ij ], where w ij ∈ Q for i, j ∈ {1, . . . , n}. Each w ij is of the form
, and this implies that N e i = [m i1 , . . . , m in ], for i = 1, . . . , n, where m ij = n s=1 b is α sj (for i, j ∈ {1, . . . , n}), and where each e i is the ith vector of the standard basis. Thus, we have:
Hence, we have an action of the group G(α) on the field k(X). We say that a rational
Proof. This is a consequence of the equality σ u (X p ) = u
, where f and g are nonzero relatively prime polynomials from k[X]. Let f = f 1 + · · · + f r and g = g 1 + · · · + g s be the decompositions of f and g, respectively, into nonzero pairwise nonassociated monomials. If ϕ is G(α)-invariant, then every element of the form
Since f and g are relatively prime, there exists a ∈ k[X] {0} such that σ(f ) = af and σ(g) = ag. This implies that a ∈ k * , σ(f i ) = af i and σ(g j ) = ag j , for i ∈ {1, . . . , r} and
Consider now the new set H(α) of the all columns
. . , n, is divisible by N . This set is of course an abelian group. T ∈ H(α) and any i = 1, . . . , n, we have (ε
It is easy to check that ϕ is an isomorphism.
, then the following conditions are equivalent.
(1) u p = 1 for all u ∈ G(α).
(3) There exist integers r 1 , . . . , r n such that p = r 1 α 1 + · · · + r n α n .
. Let ε be a primitive N th root of 1 and let u = (ε m 1 , . . . , ε mn ). Since
. . , n), the sequence u belongs to G(α). Hence, by (1), u p = 1 and this means that 1 = (ε
, where w ij ∈ Q for all i, j ∈ {1, . . . , n}. Each number w ij is of the form T , for j = 1, . . . , n, belongs to H(α). Hence, by (2), every integer p 1 m 1j + · · · + p n m nj , for j = 1, . . . , n, is of a form r j N for some r j ∈ Z. Thus we have the matrix equalities
Using the above lemmas we may prove the following two propositions.
Proposition 4.6. If p ∈ Z n , then the following conditions are equivalent.
Proof. The condition (a) is, by Lemma 4.2, equivalent to the condition (1) of Lemma 4.5. Since the elements X α 1 , . . . , X αn are algebraically independent (Lemma 2.6), it is clear that the condition (3) of Lemma 4.5 is equivalent to the condition (b).
Proof. If ϕ = 0, then of course ϕ ∈ k(Y ). Assume that ϕ = 0 and put ϕ = f g , where f, g are nonzero relatively prime polynomials from k[X]. Let f = f 1 + · · · + f r and g = g 1 + · · · + g s be the decompositions of f and g, respectively, into nonzero pairwise nonassociated monomials. Observe that
By Lemma 4.3 all fractions of the form
are G(α)-invariant. Thus, by Proposition 4.6, they belong to the field k(Y ). Hence ϕ ∈ k(Y ). Now we may prove the following theorem which is the main result of this section. 
Proof.
We already know (by Proposition 2.7) that if δ has a nontrivial rational constant, then d has also a nontrivial rational constant.
Assume
, is a rational constant of d. Consider a lexicographical order of the set of all monomials from k[X], and denote by Ldeg the degree function with respect to this order. Since the rational function ϕ −1 also belongs to k(X) d k, we may assume that Ldeg(f ) ≥ Ldeg(g). Moreover, since for every
is also a rational constant of d belonging to k(X) k, we may assume that Ldeg(f ) > Ldeg(g).
We use the same notations as before. Let u ∈ G(α). Then σ u dσ
It is a well defined element from k(X), because we know, by Lemma 4.1, that the group
Every diagonal automorphism does not change the degree Ldeg of any polynomial.
Recall that (by Lemma 2.6) the elements y 1 , . . . , y n are algebraically independent over k. Recall also (see Section 2) that d(k(Y )) ⊆ k(Y ) and that the derivationδ coincides with the restriction of the derivation d to the field k(Y ). So ψ(x 1 , . . . , x n ) is a nontrivial rational constant of δ.
Note that the factorisable derivation associated with a monomial derivation has rational coefficients. Hence, by Theorems 4.8 and 3.6, we obtain the following corollary. (
The derivation δ has a strict Darboux polynomial.
Monomial derivations in two variables
In this section we study the field of constants of a derivation d :
where p, q ∈ Z. If p = −1 and q = −1, then the rational function
does not belong to k and d(ϕ) = 0. Hence, if p = −1 and q = −1, then k(x, y) d = k. The same is true when p = q = −1. In this case
We will show that in the remaining cases the derivation d does not admit a nontrivial rational constant. For this aim we prove the following two propositions.
where n ∈ N. Then k(x, y) δ = k and every Darboux polynomial of δ is of the form ay s , where s ∈ N and a ∈ k * .
Proof. (1). First we prove that
and a s = 0. Comparing in the equality δ(F ) = 0 the coefficients with respect to y s , we obtain the equality a s = −sx n a s (where a s means the derivative of a s ) which implies that s = 0 and a s = a 0 ∈ k. So,
. Comparing in the equality δ(F ) = ΛF the constant terms, we have a 0 = Λa 0 , but this is a contradiction.
(3). Let 0 = F ∈ k[x, y] be an arbitrary Darboux polynomial of δ. Let F = F 1 y s , where s ≥ 0, F 1 ∈ k[x, y], y F 1 . Then F 1 is (by Proposition 2.4) also a Darboux polynomial of δ and so, by (2) , this polynomial belongs to k * . Hence, F = ay s for some a ∈ k * , s ≥ 0, and this implies, by Proposition 2.5, that k(x, y) δ = k.
where n ≥ 2. Then k(x, y) δ 1 = k and every Darboux polynomial of δ 1 is of the form ax i y j , where a ∈ k * , i, j ∈ N.
, and let σ :
Repeating the same arguments as in the parts (2) and (3) of the proof of Proposition 5.1, we easily deduce that every Darboux polynomial of δ 1 is of a form ax i y j .
As a consequence of the above facts we obtain
where p, q ∈ Z. Then k(x, y) d = k if and only if the numbers p, q satisfy one of the following two conditions:
If we multiply the above derivation d by a rational monomial, then we have the following, more general, proposition. 
Note also the same proposition for normal monomial derivations in two variables.
where p, q ∈ Z. Then k(x, y) d = k if and only if the numbers p, q, satisfy one of the following two conditions: (i) p = 0, q = 0; (ii) p = 0, q = 0.
Monomial derivations in three variables
We know from Section 2 that the problem of a description of all monomial derivations with nontrivial field of constants reduces to the same problem for normal monomial derivations. In this section we start to study this problem for three variables. Let d : k(x, y, z) → k(x, y, z) be a normal monomial derivation such that
where p 2 , p 3 , q 1 , q 3 , r 1 , r 2 ∈ Z. Then
In Section 7 we study the case ω d = 0, and Section 8 is devoted to the opposite case ω d = 0. Note a condition (W 1 ), which do not depend on ω d . We will say that the above derivation d satisfies (W 1 ) if the numbers p 2 , p 3 , q 1 , q 3 , r 1 , r 2 satisfy one of the following three conditions:
   p 3 = q 3 and either p 2 = q 1 = 0 or both p 2 and q 1 are nonzero; q 1 = r 1 and either q 3 = r 2 = 0 or both q 3 and r 2 are nonzero; r 2 = p 2 and either r 1 = p 3 = 0 or both r 1 and p 3 are nonzero.
Proposition
is a nontrivial rational constant of d. If p 2 = 0 and q 1 = 0, then p 2 x q 1 − q 1 y p 2 is a nontrivial rational constant of d. Similar constants we have in the case when q 1 = r 1 or r 2 = p 2 .
Let σ : k(x, y, z) → k(x, y, z) be a k-automorphism induced by a permutation of the set {x, y, z}, and let d σ := σdσ −1 , where d is a derivation of the form ( * *
They correspond to the permutations (x, y, z), (x, z, y), (y, x, z), (y, z, x), (z, x, y) and (z, y, x), respectively. Note that if d σ is one of the above derivations, then k(x, y, z)
7 Derivations of k(x,y,z) with zero determinants
In this section we consider a normal monomial derivation d : k(x, y, z) → k(x, y, z) of the form ( * * ) satisfying the condition ω d = 0, that is, p 2 q 3 r 1 + p 3 q 1 r 2 = 0. The first proposition describes the case in which all the numbers p 2 , p 3 , q 1 , q 3 , r 1 and r 2 are nonzero.
where p 2 , p 3 , q 1 , q 3 , r 1 , r 2 ∈ Z. Assume that p 2 q 3 r 1 + p 3 q 1 r 2 = 0, p 2 q 3 r 1 = 0 and p 3 q 1 r 2 = 0.
Proof. Consider the following system of linear equations
in which a, b, c are unknowns. The determinant of the main matrix of this system is equal to −(p 2 q 3 r 1 + p 3 q 1 r 2 ) so, this determinant is equal to zero. This means that the above system has a nonzero solution (a, b, c) ∈ Q 3 . Let
Then ϕ ∈ k(x, y, z) k and it is easy to check that d(ϕ) = 0. Hence, k(x, y, z)
following two easy cases (Z 1 ) and (Z 2 ).
At least two of the monomials
are equal to 1.
We will say that the derivation d satisfies (Z 2 ) if the numbers p 2 , p 3 , q 1 , q 3 , r 1 , r 2 satisfy one of the following three conditions:
Proof
is a nontrivial rational constant of d. In the remaining cases of (Z 2 ) we have similar rational constants.
Assume that among p 2 , p 3 , q 1 , q 3 , r 1 , r 2 there exists the zero number. If, for instance, p 2 = 0, then p 2 q 3 r 1 = 0 and, since p 2 q 3 r 1 + p 3 q 1 r 2 = 0, we have also p 3 q 1 r 2 = 0. So, if p 2 = 0, then one of the numbers p 3 , q 1 , r 2 is also equal to zero. Therefore, we have the following 9 cases:
where each case (u, v) means the case u = 0, v = 0. The most difficult is the case (p 2 , p 3 ).
The following lemma says that this case is the most important.
Lemma 7.3. If we know a solution of the investigated problem in the case (p 2 , p 3 ), then we know a solution of this problem in every of the above cases.
Proof. Assume that the case (p 2 , p 3 ) is known. This means that we already know when a derivation d : k(x, y, z) → k(x, y, z), of the form
(with q 1 , q 3 , r 1 , r 2 ∈ Z), has a nontrivial rational constant. Using a permutation of variables also we know the same in the cases (q 3 , q 1 ) and (r 1 , r 2 ). Consider the case (q 3 , p 3 ). In this case we have
If p 2 = 0, then we have the case (p 2 , p 3 ), which is known. Analogously, if q 1 = 0, then we have the known case (q 3 , q 1 ). So, let p 2 = 0 and 
If p 3 = 0 or q 3 = 0, then we have the previous known cases. If r 1 = 0, then we have the known case (r 1 , q 1 ). If r 2 = 0, then we have the known case (p 2 , r 2 ). So, in the case (p 2 , q 1 ) we may assume that all the numbers p 3 , q 3 , r 1 , r 2 are nonzero. Then d satisfies (Z 2 ) and (by Proposition 7.2) k(x, y, z) d = k. Hence, the case (p 2 , q 1 ) is known and, by permutations of variables, the remaining cases (q 3 , r 2 ) and (r 1 , p 3 ) are also known. Now we start to study the case (p 2 , p 3 ). We divide this case into two separable parts: (1) q 3 = 0 and (2) q 3 = 0. 
and k(x, y, z)
We will prove, in several steps, that if none of the conditions (1), (2), (3) is satisfied, then k(x, y, z) d 1 = k. For this aim consider the derivation δ :
(i). It follows from Propositions 5.4, 5.1 and 5.2, that if a = 0, then k(x, y) δ = k and every Darboux polynomial of δ is of the form αx i y j , where α ∈ k * and i, j ∈ N. Hence, if a = 0, then every cofactor with respect to δ is of the form ix m y n + jx m+a y n , where i, j ∈ N.
(ii). We show that if a = 0, then k[x, y, z]
Suppose that s > 0. Comparing in the equality d 1 (F ) = 0 the coefficients with respect to z s , we obtain the equality δ(u s ) = −sx m+b y n+c u s . So, u s is a Darboux polynomial of δ and so, by (i), we have an equality of the form −sx m+b y n+c = ix m y n + jx m+a y n for some i, j ∈ N. But −s < 0, so we have a contradiction. Therefore, s = 0, that is
Now assume that none of the conditions (1), (2), (3) is satisfied, and let F ∈ k[x, y, z] k be a Darboux polynomial of d 1 with the cofactor Λ ∈ k[x, y, z]. We already know, by (ii), that Λ = 0. Comparing in the equality d 1 (F ) = ΛF the degrees with respect to z, we deduce that Λ ∈ k[x, y].
(iii). Assume that z F . We will prove that then F = αx i y j for some α ∈ k * and some i, j ∈ N. Let, as before, F = u s z s + · · · + u 1 z + u 0 , u 0 , . . . , u s ∈ k[x, y], s ≥ 0 and u s = 0. Since z F , we have u 0 = 0. Putting z = 0, in the equality d 1 (F ) = ΛF , we get δ(u 0 ) = Λu 0 . This and (i) imply that Λ = ix m y n + jx m+a y n for some i, j ∈ N. Suppose that s > 0. Then, comparing in the equality d 1 (F ) = ΛF the coefficients with respect to z s , we obtain the equality δ(u s ) = Λ − sx m+b y n+c u s . Now, again by (i), Λ − sx m+b y n+c = i x m y n + j x m+a y n for some i , j ∈ N. Hence,
Using all the assumptions we see that if s > 0, then the above equality is impossible. So, s = 0, that is, F = u 0 ∈ k[x, y] k. Since δ(u 0 ) = Λu 0 , we have δ(F ) = ΛF and, by (i), F is of the form αx i y j for some α ∈ k * , i, j ∈ N.
Then F 1 is, by Proposition 2.4, also a Darboux polynomial of d 1 and hence, by (iii),
Thus we proved, that every Darboux polynomial F of d 1 is of the form αx i y j z l with α ∈ k * , i, j, l ∈ N. Consequently, every cofactor with respect to d 1 is of the form ix m y n + jx m+a y n + lx m+b y n+c , i, j, l ∈ N. Now, using all the assumptions, we deduce that if two Darboux polynomials F, G of d 1 have the same cofactor, then F = αG for some α ∈ k * . This implies, by Proposition 2.5,
This completes the proof.
Putting in the above proposition a = q 1 , b = r 1 and c = r 2 , we have a solution of the considered problem in the case (p 2 , p 3 ) with q 3 = 0. Now we concentrate in the case (p 2 , p 3 ) with q 3 = 0. Using the permutation (x, y, z) → (x, z, y), we obtain the same case (p 2 , p 3 ) with r 2 instead of q 3 . So we may assume that r 2 is also nonzero.
where q 1 , q 3 , r 1 , r 2 ∈ Z, q 3 = 0 and r 2 = 0. Then k(x, y, z) d = k if and only if q 1 = r 1 .
A proof of the above theorem will be given in Section 11. Note that if q 1 = r 1 , then q 3 y r 2 − r 2 z q 3 is a nontrivial rational constant of d. We will prove, in Section 11, that if
Using all the above facts and the proof of Lemma 7.3, it is easy to deduce the following final solution of the considered problem in the case when the determinant ω d is equal to zero. 
Derivations of k(x,y,z) with nonzero determinants
In this section we consider a normal monomial derivation d : k(x, y, z) → k(x, y, z) of the form ( * * ) satisfying the condition ω d = 0, that is, p 2 q 3 r 1 + p 3 q 1 r 2 = 0. In this case, as we know from Section 2, we have the factorisable derivation δ : k[x, y, z] → k[x, y, z] associated with d. The derivation δ is of the form:
We are interested in a description of all derivations d of the above form which have nontrivial rational constants, that is, which satisfy the condition k(x, y, z) . Thus, D is the Lotka-Volterra derivation LV (A, B, C). It is clear, by Theorem 3.6 and Corollary 4.9, that k(x, y, z)
Hence, our problem of a description of all derivations of the form ( * * ) with nontrivial rational constants, reduces to the problem of a characterization of all Lotka-Volterra derivations with strict Darboux polynomials. But this reduced problem is already solved. Moulin Ollagnier, in [13] , described all Lotka-Volterra derivations with strict Darboux polynomials.
Such situation is in the case when p 3 q 1 r 2 = 0. Quite similar situation is in the second case p 2 q 3 r 1 = 0. In this case let us consider the k-automorphism τ :
and let
where
and
. Hence, D 1 is the Lotka-Volterra derivation LV (A 1 , B 1 , C 1 ) . Thus, also in this case, the investigated problem reduces to the solved problem of a characterization of all Lotka-Volterra derivations with strict Darboux polynomials. Now we will transfer the mentioned result of Moulin Ollagnier in terms of the monomial derivation d . First we consider a situation when among p 2 , p 3 , q 1 , q 3 , r 1 , r 3 are zero numbers. Look at the following three examples.
where p, q, r, s are nonzero integers. Then ω d 1 = pqr = 0, the number p 3 equals zero, and sz r − ry s is a nontrivial rational constant of d 1 so, k(x, y, z)
This case we already know from Section 6. The derivation d 1 satisfies (W 1 ).
where a, b, c are nonzero integers. Then ω d 2 = abc = 0, the number p 2 equals zero, and is a nontrivial rational constant of d 3 so, k(x, y, z)
In the case when 0 ∈ {p 2 , p 3 , q 1 , q 3 , r 1 , r 3 } we have a Lotka-Volterra derivation LV (A, B, C) such that ABC = 0 so, at least one of the numbers A, B, C is zero. Note the following proposition from [13] (Propositions 10, 11 and 47) and [14] .
Proposition 8.4 ([13], [14]).
(a) LV (0, 0, 0) has no strict Darboux polynomial. By an easy calculation we obtain that mx + (m − 1)z is the cofactor of F , and
The monomial x −1 y m is also a Darboux polynomial of D with the same cofactor mx+(m− 1)z. Hence ϕ := xy −m F is a nontrivial rational constant of D and hence, ψ(x, y, z) := σ −1 (ϕ) is a nontrivial rational constant of the factorisable derivation δ (in this case σ −1 (x) = bx, σ −1 (y) = cy and σ −1 (z) = az). Consequently (see Proposition 2.7),
is a nontrivial rational constant of d. Note that this constant is (up to a nonzero factor from k) exactly the same as the constant from Example 8. 
Using a similar process we see that starting from the case [A = 0, B = 1, C = 0] we obtain a nontrivial rational constant of the derivation d 1 from Example 8.1. This constant is the same as the constant given in this example.
As an immediate consequence of the above facts (mainly of Proposition 8.4) we obtain the following theorem.
where p 2 , p 3 , q 1 , q 3 , r 1 , r 2 ∈ Z. Assume that ω d = 0 and 0 ∈ {p 2 , p 3 , q 1 , q 3 , r 1 , r 2 }. Then d has a nontrivial rational constant if and only if d satisfies one of the following three conditions:
Now we assume that d is a derivation of the form ( * * ) with ω d = 0 and all the numbers p 2 , p 3 , q 1 , q 3 , r 1 , r 2 are nonzero. In this case we have three nonzero fractions
and we have also three nonzero fractions , z) is the k-automorphism induced by the even permutation (x, y, z) → (y, z, x), then σDσ −1 is the Lotka-Volterra derivation LV (C, A, B) . The same process for the even permutation (x, y, z) → (z, x, y) gives the derivation LV (B, C, A). Analogously, starting from the Lotka-Volterra derivation D 1 = LV (A 1 , B 1 , C 1 ) and using even permutations, we obtain the derivations LV (C 1 , A 1 , B 1 ) and LV (B 1 , C 1 , A 1 ) . Hence, if all the numbers p 2 , p 3 , q 1 , q 3 , r 1 , r 2 are nonzero, then we have six Lotka-Volterra derivations LV (A, B, C), LV (C, A, B), LV (B, C, A),
. If one of these derivations has a strict Darboux polynomial then of course all the derivations have strict Darboux polynomials. This means, that in the considered case, for a decision, if the monomial derivation d has a nontrivial rational constant, we may use an arbitrary Lotka-Volterra derivation from the above list.
In the considered case the classification result of Moulin Ollagnier ([13] Theorems 12 and 28) has the following form.
where p 2 , p 3 , q 1 , q 3 , r 1 , r 2 ∈ Z. Assume that ω d = 0 and all the numbers p 2 , p 3 , q 1 , q 3 , r 1 , r 2 are nonzero. Put A := In the first three cases the triples have rational parameters.
(1) (1, u, v) , where u, v are arbitrary nonzero rational numbers.
, where u ∈ Q {−2, −1, 0, 1}.
In the next case the triple has a positive parameter belonging to N.
, 2 , where m ∈ N {0}.
In the last case there are 16 triples without parameters. . For every triple from the list of the above theorem can be found in [13] either examples of strict Darboux polynomials of the corresponding Lotka-Volterra derivation LV (A, B, C) or the way for their constructions. The case (1) we already discussed (see Proposition 6.1). In the case (2), when (A, B, C) = (u, −
), as in (3), (x − Cy) 2 − 2C 2 yz is a strict Darboux polynomial. In the case (4), when (A, B, C) = − , 2 with m ∈ N {0}, it is not easy to write a strict Darboux polynomial in a closed form. There exists an elementary proof (see [13] Proposition 16) that D has an irreducible strict Darboux polynomial of degree 2m and cofactor (m − 1)y + 2mz.
All the strict Darboux polynomials, presented in [13] , for the 16 sporadic triples of the case (5), have degrees smaller or equal 6. Some of them have long integer coefficients and many summands.
Starting from such strict Darboux polynomial, and using the same process as we described in the case [A = −1, B = 2, C = 0] (see the sentences after Proposition 8.4), we are ready to present, in every case, an example of a nontrivial rational constant of the considered monomial derivation.
Look, for instance, at the case (A, B, C) = (2, 2, 2). In this case q 3 = 2p 3 , r 1 = 2q 1 , p 2 = 2r 2 . Put a := q 1 , b := r 2 , c := p 3 . The derivation d has the form
where a, b, c are nonzero integers. The factorisable derivation δ associated with d is such that δ(x) = x(2by + cz), δ(y) = y(2cz + ax), δ(z) = z(2ax + by), and the Lotka-Volterra derivation D is of the form D(x) = x(2y + z), D(y) = y(2z + x), D(z) = z(2x + y). We know, from the paper [13] (page 327), that
is a strict Darboux polynomial of D. It is easy to check, that D(F ) = 2(x + y + z)F . Hence, 2(x + y + z) is the cofactor of F . Then 6(x + y + z) is the cofactor for the Darboux polynomial F 3 . But 6(x + y + z) is also the cofactor of x 2 y 2 z 2 . This means (see the proof of Theorem 3.6) that γ := F 3 (xyz) −2 is a nontrivial rational constant of D. Hence, ψ(x, y, z) := σ −1 (γ) (where, in this case, σ(x) = a −1 x, σ(y) = b −1 y and σ(z) = c −1 z) is a nontrivial rational constant of δ. 
where a, b, c are nonzero integers, then k(x, y, z)
c is a nontrivial rational constant of d.
Jouanolou derivations and their generalizations
By the Jouanolou derivation with integer parameters n ≥ 2 and s ≥ 1 we mean a homogeneous derivation d :
We denote such a derivation by J(n, s). If n = 2 or s = 1, then J(n, s) has a nontrivial rational constant (see, for example, [15] or [11] ).
In 1979 Jouanolou, in [7] , proved that the derivation J(3, s), for every s ≥ 2, has no nontrivial Darboux polynomial. Today we know several different proofs of this fact ( [10] , [1] , [20] , [15] ). There exists a proof ( [11] ) that the same is true for s ≥ 2 and for every prime number n ≥ 3. There are also separable such proofs for n = 4 and s ≥ 2 ( [21] , [12] ). In 2003Żo ladek ( [21] ) proved the same for all n ≥ 3 and s ≥ 2. Thus, we have: Theorem 9.1 ([21] ). If n ≥ 3 and s ≥ 2, then the derivation J(n, s) does not admit a nontrivial Darboux polynomial.
This theorem implies that k(X)
J(n,s) = k for n ≥ 3 and s ≥ 2. We know (see [11] ) that the condition k(X) J(n,s) = k and Theorem 9.1 are equivalent. Now we show that the equality k(X) J(n,s) = k, with n = 3 and s ≥ 2, is an immediate consequence of Theorem 8.6. For n = 3 we have the following, more general, fact. , x − y, x 3 + y 3 + z 3 − 3xyz are nontrivial rational constants of D, respectively. ) is in the list of this theorem. So, if s ∈ {−2, 0, 1}, then k(x, y, z)
Note also the following proposition.
where p, q, r ∈ N, has no nontrivial rational constants if and only if pqr ≥ 2.
Proof. If p = 0, then x r+1 − (r + 1)z is a constant of d. Similarly for q = 0 or r = 0. Let then p ≥ 1, q ≥ 1 and r ≥ 1. If p = q = r = 1, then By a similar way we may prove
where p, q, r ∈ N {0}, has no nontrivial rational constants.
Let D : k(x, y, z) → k(x, y, z) be the derivation from Proposition 9.2 and let σ be the
. Hence, as a consequence of Proposition 9.2 we obtain the following proposition.
where s ∈ Z. Then k(x, y, z) d = k if and only if s ∈ {−1, 0, 2}.
, are nontrivial rational constants of d, respectively. This proposition is a special case of the following more general proposition, which we may easily prove using facts from the previous sections.
where a, b ∈ Z. Then k(x, y, z) d = k if and only if the integers a, b satisfy one of the following three conditions (in every case ϕ means a nontrivial rational constant of d).
(1) b = 0; ϕ = x 1−a − y 1−a when a = 1, and ϕ = x y when a = 1. For the proof of Theorem 7.5 we need the following lemma and two propositions. to x s+a−1 . We have w a A s−1 ≡ 0(mod (y)). But y w a , so y | A s−1 . Now looking at the coefficients with respect to x s+a−2 we obtain the congruence w a A s−2 ≡ 0(mod (y)) which implies that y | A s−2 . Repeating this process we deduce that all the coefficients A s , A s−1 , . . . , A 0 are divisible by y. Hence, y | F , but it is a contradiction. Therefore w a = 0 and moreover, (A s ) y = 0, that is, A s ∈ k[z].
(IV ). Now we will prove that s = 0. Suppose that s ≥ 1. We already know that A s ∈ k[z] {0}, w 0 = 0 and w a = 0. This means that a ≥ 2 (because Λ = 0) and y A s . Look again at the coefficients in D(F ) = ΛF with respect to x s+a−1 . We have w a−1 A s ≡ 0(mod (y)). But y A s , so y | w a−1 . Looking at the coefficients with respect to x s+a−2 we obtain the congruence w a−2 A s ≡ 0(mod (y)) which implies that y | w a−2 . Repeating this process we deduce that all the coefficients w a−1 , w a−2 , . . . , . In particular y A s . Moreover, if m = 1 then we have a contradiction (because Λ = 0). Assume that m ≥ 2. Now we will prove that s = 0. Suppose that s ≥ 1. Look at the coefficients in D(F ) = ΛF with respect to z s+m−1 . We have w m−1 A s ≡ 0(mod (y)). But y A s , so y | w m−1 . Looking at the coefficients with respect to x s+m−2 we obtain the congruence w m−2 A s ≡ 0(mod (y)) which implies that y | w m−2 . Repeating this process we deduce where λ 1 , . . . , λ n are nonzero elements from k.
Assume that ω d = 0. Then we have the factorisable derivation δ : k[X] → k[X] associated with d (see Section 2) . Using the same construction, as in Section 2, we have also the factorisable derivation associated with D. It is obvious that these two factorisable derivations are equal. Hence, applying facts which we proved in this paper, we obtain the following proposition. 2. Let k X = k x 1 , . . . , x n denote the k-algebra of fractions of k[X] = k[x 1 , . . . , x n ] with respect to the multiplicative set {X α ; α ∈ N n }. Every element of k X is a finite sum of rational monomials with coefficients from k. If d : k(X) → k(X) is a monomial derivation, then it is clear that d(k X ) ⊆ k X so, in this case, the restriction of d to k X is a derivation of k X . As an immediate consequence of Theorem 4.8 and the proof of Theorem 3.6 we obtain the following proposition. 
